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This package intends to ease modelling of univariate Multiplicative Errors Models (MEM). Estimation,
simulation and forecasting of the following models are currently supported: ACD, LOGACD, LOGACD2,
PACD, EXACD, BCACD and FIACD. Generalised Autoregressive Score (GAS) models for positive series
are also implemented. Available distributions for the errors are : Exponential, Generalised Gamma, Weibull
and Burr.

Disclaimer This package is functional, but no warranty is given whatsoever. Any bugs, typos in the man-
ual, or suggestions for improvements should be reported to Malick Fall (email: malick.fall@univ-rennes1.fr)
and will be greatly appreciated.

Requirements The MEM package is available at https://fall-univ.github.io/site/Recherche/

� To use the package you must have one of the following configurations on your computer:

– Ox version 8.20 or later ([Doornik, 2018]). For academic use, a free version of Ox is available from
the web site :
http://www.doornik.com/ox/

– Ox Professional and OxMetrics. Which can be purchased from the following web site :
http://www.timberlake.co.uk/

� Windows (32/64 bits) or Mac Osx 64

Installation Make sure you have properly installed Ox version 8.20 or later.

1. Put the (unzipped) content of mem.zip in the subdirectory :
\OxMetrics8\ox\packages\.

2. If Ox has been installed properly, this will allow using the MEM package from any directory. Import
the MEM package using the following command: #import<packages/mem/mem>

1 Multiplicative Error Models

MEM models are primarily concerned to model non-negatively time series. The most popular MEM type
model is the Autoregressive Conditional Duration model (ACD -[Engle and Russell, 1998]) whose objective
is the modelling of time between events. This model has led to the developments of a plethora of extensions,
see [Pacurar, 2008] for a review.

A nonnegative discrete-time process is said to follow a MEM if it can be expressed as ([Brownlees et al., 2012]):

yi = Ψiεi
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where the error εi is a non negative I.I.D random variable with probability density function defined over a
[0,+∞] support, with a unit mean and an unknown constant variance :

εt|Ft−1 ∼ D+(1, σ)

The conditional mean Ψi is a positive quantity that evolves deterministically according to a parameter vector
θ. The following condition holds

Ψi , E(Ψi|Ψi−1, . . . ,Ψ1; θ) = E(yi|yi−1, . . . , y1; θ)

The variance of yi is proportional to the square of error variance :

V ar(yi|yi−1, . . . , y1) = Ψ2
iσ

2

Several models have been proposed based on different specifications of:

1. the distribution D+ of the error term.

2. the conditional mean process Φi.
1

After a change of variable, the conditional density of yi is given by:

g(yi) ,
1

Ψi
D

(
yi
Ψi

)
Baseline ACD Model The baseline model ACD(q,p) of [Engle and Russell, 1998] postulates that Ψi

evolves accordingly the following linear process

Ψi = ω +

q∑
j=1

αjyi−j +

p∑
j=1

βjΨi−j

where the unknown parameters are θ = (ω, α1, . . . , αq, β1, . . . , βp).

Log transformation [Bauwens and Giot, 2000] propose to model the dynamic of ψi = log(Ψi) instead of
Ψi to ensure positivity of yi. In this case, this new following relation holds: yi = expψi εi .

1.1 Models implemented

The following table describes the conditional mean process of the 7 supported MEM models.

Model Authors Conditional mean process
ACD [Engle and Russell, 1998] Ψi = ω +

∑q
j=1 αjyi−j +

∑p
j=1 βjΨi−j

BCACD [Dufour and Engle, 2000] ψi = ω +
∑q
j=1 αjε

v
i−j +

∑p
j=1 βjψi−j

EXACD [Dufour and Engle, 2000] ψi = ω +
∑q
j=1 [αjεi−j + δj |εi−j − 1|] +

∑p
j=1 βjψi−j

FIACD [Jasiak, 1998] Ψi = w[1− β(L)]−1 +
[
1− [1− β(L)]−1φ(L)(1− L)d

]
yi

LOGACD-1 [Bauwens et al., 2008] ψi = ω +
∑q
j=1 αj log(εi−j) +

∑p
j=1 βjψi−j

LOGACD-2 [Bauwens and Giot, 2000] ψi = ω +
∑q
j=1 αjεi−j +

∑p
j=1 βjψi−j

PACD [Fernandes and Grammig, 2006] Ψλ
i = ω +

∑q
j=1 αjy

λ
i−j +

∑p
j=1 βjΨ

λ
i−j

More information for each model can be found in the corresponding cited articles.

1also called conditional duration process for waiting time models.
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Explanatory variables can be included in all models. They are simply added in the conditional mean
process (to the constant) without pretreatment (non-negativity condition may be broken). Thus an ACD
model augmented with B dependent variables x is modelled as:

Ψi = ω +

q∑
j=1

αjyi−j +

p∑
j=1

βjΨi−j +

B∑
j=1

γj × xi,j

GAS models Non-negatively series can also be modelled using the Generalized Autoregressive Score
(GAS) framework ([Koopman et al., 2013]) by defining the system as:

yt = L(ft)εt, E(εt) = 1 ε ∼ D+(θt)

In this observation-driven framework, a sub-set (ft) of the distribution parameter (θt) is time-varying. The
dynamic of ft follows an autoregressive updating function :

ft = w +

p∑
i=1

αist−i +

q∑
j=1

βjft−j (1)

with

st = StOt

Ot =
∂ ln p(yt|ft)

∂ft

st−i refers to a re-scaled score function. St and L(.) are respectively a scaling matrix and link functions.
The supported scaling matrix and link functions are:

� The scaling matrix can be selected via the function SetScale()):

– Inverse conditional Fisher information matrix (INV_FISHER) :

St = I−1
t|t−1, I−1

t|t−1 = Et−1[OtO
′
t]

– Square root matrix of the inverse information (INV_SQRT_FISHER)

St = J−1
t|t−1, J

′

t|t−1Jt|t−1 = I−1
t|t−1

� The link function can be selected via the function SetLinkFunction()):

– Log (L_LOG): L(ft) = exp(ft)
2

– One (L_ONE): L(ft) = ft

Depending of the specification, the system may be equivalent to a MEM model. For instance,[Koopman et al., 2013]
shows that the GAS(1,1) updating equation with link=one, distribution = exponential and St = I−1

t|t−1 is

equivalent to the ACD model with exponential distribution (see file samples/Mem_Gas_Acd.ox).

GAS: Impact curves It is possible to evaluate the impact of an error εt on ft by re-expressing the re-
scaled score function(st = StOt) as a function of εt and ft. In a GAS(1,1) model, the updating equation
then becomes:

ft+1 = w + αStOt + βft

= w + αutft + βft

2The updating function can then be rewritten as : log(L(ft) = w +
∑p

i=1 αist−i +
∑q

j=1 βj log(L(ft−j) .
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where ut depends of the distribution employed in the score, the one employed in the scaling function and
the multiplicative error term (εt).
As an example, for the GAS(1,1) with Exponential errors and with the scaling function set to INV_FISHER :

StOt = f2
t

[
yt
f2
t

− 1

ft

]
= yt − ft
= ft(et − 1)

Then the updating equation becomes: ft+1 = w + α(et − 1)ft + βft. In this case the errors have a linear
impact on ft.

This package permits obtaining ut for GAS models when the scaling function is given by INV_FISHER.
When the link function is L_ONE the previous equation holds, however, when the link function is L_LOG the
updating scheme can be expressed as :

ft+1 = w + αut + βft

where the impact is simply given by the product of ut and α (and is not proportional to ft any more).
The function PlotUt() can be used to plot the impact on ft of a range of errors.

2 Estimation

Conditional likelihood function of models are used to produce MLE estimates based on the crucial assumption
of IID innovations. Using the conditional density g(yi) presented previously, the joint likelihood function of
the model is expressed as :

L(x1 . . . , xn|θ, Fn−1) =

n∏
i=1

g(yi, |Fi−1)

=

[
n∏

i0+1

g(yi, |Fi−1)

]
g(xi0 , |Fmax(r,s), θ)

The marginal density is ignored to obtain conditional likelihood estimates 3. The conditional log-likelihood
is then given by:

L(θ) = −
n∑

i0+1

[
logD

(
yi
Φi

; θε

)
+ log Φi

]

Standards errors The asymptotic distribution of the maximum likelihood estimator is given by

θ̂ → N(θ0, I(θ0)−1)

where the information matrix I(θ0) is :

I(θ0) = −E[H(θ)] ;H(θ0) =
∂2 lnL(θ0)

∂θ0∂θ
′
0

Three methods are implemented (see [Hamilton, 1994]) to estimate the information matrix and ultimately
the variance-covariance matrix (Σ) of estimates:

� (E_HESS) the second derivative estimate method, where the Hessian is obtained numerically:

Îsd(θ̂) = −∂
2 lnL(θ̂)

∂θ̂∂θ̂′
3so the first observations do not contribute to the likelihood function.
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� (OPG) via the outer product of the gradient vector (BHHH estimator):

Îop(θ̂) =

n∑
i=1

ĝ′iĝi ; ĝi =
∂ lnL(yi, θ̂)

∂θ̂

� (QML) via the Quasi-Maximum Likelihood method ([White, 1982]) when the data were not generated
by the assumed density :

Îqml(θ̂) = ÎsdÎ
−1
op Îsd

The desired method can be set using the SetStdErrMethod(arg) function where arg is one of the following
arguments: {E_QML, E_HESS, E_OPG} .

Distributions Fours distributions are available. Except for the Exponential distribution, all the distribu-
tions have a mean that depends on several parameters. Then it is not possible to estimate simultaneously
all the parameters. One parameter has to be unfree. This package forces the mean of the errors to take
the value one by expressing the scale parameter with respect to other parameters of the error’s distribution.
This ensures that condition E(yi) = Ψi holds. 4

The pdf(f) and log-likelihood (L) of the four supported distributions are presented in the appendix.

3 Using the MEM Package

3.1 via OxPack

This package is fully compatible with the OxPack feature 5of OxMetrics. It is the recommended way to use
this package in order to get familiar with it.

1. Start OxMetrics, and then OxPack from the OxMetrics Modules menu. From the OxPack Package
menu choose Add/Remove Package. Locate mem.oxo (in the packages/mem/ folder) using the Browse
button, and press Add.

2. If a data set is open in OxMetrics 6, then you are now ready to use MEM . From the OxPack Package
menu choose MEM . The title bar of the OxPack window shows MEM is loaded and the message
MEM package version xxx, object created on ... is displayed in the OxMetrics Results win-
dow.

3. Click Model and then Formulate from the OxPack Menu. Then select a dependant variable from the
database and press Ok

4. A new dialogue called Model Setting should open. From this dialogue you can select :

� the orders of the conditional mean process.

� the model used for the conditional mean process.

� the distribution of the error term.

Once you have selected the desired parameters, click Ok. The new dialogue permits you to change the
sample. Click Ok to run the estimation.

5. The OxMetrics Results window should display the result of the estimation. If you want to generate
the Ox code corresponding to the estimation, press Alt + o and click Most recent model

4It is sometimes mentioned another condition (i.e E(yi) ∝ Ψi ) where ∝ is the proportional sign, but in practice this cause
some important identification issues during estimation so this package does not follow this condition.

5OxPack allows for interactive use of ox packages
6If needed some data is available in folder packages/mem/data
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3.2 via code

After the usual loading and selection of data, basic modelling consists of three steps :

1. Selection of a distribution by using the SetDist(...) function and specification of the conditional
mean process using SetModel(...) to choose the model (ACD, LOGACD..) and SetOrders(...)

to set the orders of the lags.

2. Then call the function Estimate() to run the MLE estimation.

3. Finally performs tests, forecasts or store results :

Tests A common way to evaluate MEM models is to examine :

(a) The properties of the standardized residual ε̂i = yi
Ψ̂i

where Ψ̂i is the fitted value of the

conditional mean process. Standardized residuals should behave as i.i.d random variables
and follows the assumed distribution.

(b) The dynamic of the conditional mean Ψi.

This graphical analysis can be performed thanks to the function GraphicTest(...). It permits
to plot:

� a QQ plot : the quantile-to-quantile (QQ) plot of the standardized residuals against the
assumed distribution of the innovations.

� an autocorrelation plot of the raw data versus the standardized errors to assess if the auto-
correlation is correctly removed.

Forecast Forecast can be produced via the function Forecast(...)

Store Estimation results can be saved via the function Store(...)

3.2.1 Examples

Examples code files can be found in the subdirectory mem/samples/. Also some replication studies can be
found in the subdirectory mem/samples/replications .

3.3 Member functions

Documentation of member functions can be found in the html file located in (mem/doc/html/index.html)
7. Alternatively the same documentation can be viewed directly in the header file mem.oxh.

3.4 Miscellaneous

Starting values Starting values of Ψi are fixed to the sample mean of yi; Starting values of ψi are fixed
to the sample mean of log(yi).

Missing values Missing values are handled only by GAS models. If yt is missing, then the rescaled score
is set at zero, leading the conditional scale process to revert to its long-term level (see Mem_Gas.ox). Missing
values for other MEM models are not supported and need to be filled by the user.

Citation For easier validation and replication of empirical findings, please cite this documentation in all
reports and publications involving the use of this package.

7Generated by Doxygen.
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Changelog :

Version 1.083 (May 2021)

� Bug fix: the score of the Burr Distribution was incorrect (for GAS models)

� Graphics Analysis: Impact curve (GAS/QSD) and PIT

� New functions: CDF, GetUt, LRT, PIT, PlotUt, SetSingleFixPar, UseQsdDistInScale

Version 1.07 (January 2020) Initial Release

4 Appendix

Acknowledgements I am very grateful to Prof. Sébastien Laurent for helpful discussions. I would also
like to thank Prof. Jurgen Doornik, Prof. Joachim Grammig and Prof Siem Jan Koopman for making their
data and/or programs available.

4.1 Error Terms Distribution and Log-Likelihood Function

Four errors terms distribution are considered. Each of one is parametrized such as it has an unit mean.
This implies for the Weibull, Burr and Generalized Gamma distribution to let the scale parameter of the
distribution to be a function of others parameters and it has the effect to cancel out one parameter in the
likelihood functions. For the Exponential distribution λ is fixed to one to ensure an unit mean. The prob-
ability density function f(x), survival function S(x), expected value E(x) and the associated log-likelihood
function logL(θ) are formally given below

� Exponential(λ) :

f(x) =
1

λ
e−

x
λ

S(x) = e−
x
λ

E(x) = λ

logL(yi|θ, xi0) =

T∑
i=xi0+1

[
− log(Ψi)−

xi
Ψi

]

� Weibull(γ, β) with restrictions γ > 0, β > 0

f(x) = γβ−γ (x)
γ−1

e−(x/β)γ

S(x) = e[−(x/β)γ ]

E(x) = βΓ

(
1 +

1

γ

)
logL(yi|θ, xi0) =

T∑
i=xi0+1

γ ln

[
Γ

(
1 +

1

γ

)]
+ ln

(
γ

xi

)
+ γ log

(
xi
Ψi

)
−
(

Γ(1 + 1/γ)xi
Ψi

)γ

� Generalized Gamma(α, β, k) , where β, α and k are respectively, the location parameter and two shape
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parameters with restrictions x > 0, k > 0, α > 0, β > 0

f(x) =
αxkα−1

βkαΓ(k)
exp

[
−
(
x

β

)α]
S(x) = 1− γ(k, (x/β)α)

Γ(k)

E(x) = β
Γ(k + α−1)

Γ(k)

logL(yi|θ, xi0) =

T∑
i=xi0+1

ln

(
α

Γ(k)

)
+ (kα− 1) ln(xi)− (kα) log(Ψiλ)−

(
xi

Ψiλ

)α
where γ(a, z) is the lower incomplete gamma function:

γ(a, z) =

∫ z

o

ta−1e−tdt

� Burr(u, k, σ2) [Stacy, 1962] with restrictions 0 < σ2 < k

f(x) =
µkxk−1

(1 + σ2µxk)[
1
σ2

+1]

S(x) = (1 + σ2µxk)
−

1

σ2

E(x) = µ−(1/k)
Γ(1 + k−1)Γ(

1

σ2
− k−1)

σ2(1+k−1)Γ(
1

σ2
+ 1)

logL(yi|θ, xi0) =

T∑
i=xi0+1

[
log(µ) + ln k − k × log(Ψi) + (k − 1) lnxi − (

1

σ2
+ 1) log(1 + σ2µΨ−ki xki )

]
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